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The volume v(X) of a smooth projective variety X is defined by 

, v . .. dim H°(X,mK x ) 
v(X ) = lim sup v— 

v ' m d /d\ 

where d = dim X. This is a birational invariant. 

Theorem 0.1. Let f : X — > Y be a surjective morphism of smooth projective 
varieties with connected fibers. Assume that both Y and the general fiber F 
of f are varieties of general type. Then 

v(X) v(Y)v(F) 
dx*. ~ dy\ dpi 

where dx = dim X , dy = dimy and dp = dimF. 

Proof. Let H be an ample divisor on Y. There exists a positive integer mo 
such that ijiqKy — H is effective. 

Let e be a positive integer. By Fujita's approximation theorem (PQ), 
after replacing a birational model of X, there exists a positive integer mi and 
ample divisors L on F such that m\Kp — L is effective and v(^-L) > v(F)—e. 

By Viehweg's weak positivity theorem ([2]), there exists a positive integer 
k such that S k {f if Ox{jniK x /Y) ® ®y{H)) is generically generated by global 
sections for a positive integer k. k is a function on H and m\. 

We have 

rank hn{S m S k {UO x {m x K x/Y )) -> fi.O x (k mi mKx/Y)) 
> dim H°(F, kmL) 
, , . , (kmim) F 
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for sufficiently large m. 
Then 

dim#°(X, km x mK x ) 

> dim H°(Y, fc(mi - m )mK Y ) x (u(F) - 2e )i^i!^ 

dp! 

> („ ( y) _ i) ' t (--7'">* (, W - 2e) <*ffi^ 
if we take mi large compared with m such that 



— 2e) mi — m 



□ 



Remark 0.2. If X — Y x F, then we have an equality in the formula. We 
expect that the equality implies the isotriviality of the family. 
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